Abstract The objective of this paper is to present a reliable approach to compute an approximate analytical solution of magneto-hydrodynamic (MHD) Jeffery-Hamel flow by using a new modification of Adomian decomposition method. The approximate solution of this problem is calculated here in the form of a rapidly convergent series at one and both grid points. 
Introduction
The flow between two inclined plates is one of the most widely applied cases in the mechanical engineering applications. Jeffery [9] and Hamel [7] set the mathematical foundation of this kind of flow. The flow between two planes that meet at an angle was first analyzed by Jeffery [9] and Hamel [7] known as Jeffery-Hamel flow. They worked on incompressible viscous fluid flow through convergent-divergent channels and presented a similarity solution of Navier-Stokes equations in special case of two-dimensional flow through a channel with inclined plane walls meeting at a vertex having a source or sink. A wealth of information about Jeffery-Hamel flow can be found in Batchelor [5] . The theoretical study of magneto-hydrodynamic channel has been a subject of many applications in the design of cooling systems with liquid metals, accelerators, pumps and flow meters [6] . In Jeffery -Hamel flow, the magnetic field acts as a control parameter and there is a presence of additional non-dimensional parameters namely the magnetic Reynolds number and the Hartmann number beside the angle of the walls considered in this problem. Therefore, a variety of solutions could be expected as compared to classical problem. Till now several approaches being made to find an approximate solution of classical Jeffery-Hamel flow [4] equation.
Sheikholeslami et al. [12] used Adomian decomposition method to study the analytical investigation of Jeffery-Hamel flow with high magnetic field with nanoparticle and similarly investigated the rotating MHD viscous flow and heat transfer between stretching and porous surfaces using analytical method [13] . Sheikholeslami et al. [14] applied Homotopy perturbation method to study the three-dimensional problem of condensation film on inclined rotating disk. Sheikholeslami et al. [15] discussed steady nanofluid flow between parallel plates by considering the thermophoresis and Brownian effects. Sheikholeslami et al. [16] applied ADM to investigate the squeezing unsteady nanofluid flow. Sheikholeslami and Ganji [17] discussed nanofluid flow and heat transfer between parallel plates considering Brownian motion by using DTM. Sheikholeslami et al. [18] discussed the forced convection heat transfer in a semi annulus under the influence of a variable magnetic field. Sheikholeslami et al. [19] discussed the effect of non-uniform magnetic field on forced convection heat transfer of water nanofluid. Sheikholeslami and Rashidi [20] discussed ferrofluid heat transfer treatment in the presence of variable magnetic field. Sheikholeslami and Ellahi [21] investigated three dimensional mesoscopic simulation of magnetic field effect on natural convection of nanofluid. Sheikholeslami and Ganji [22] used entropy generation of nanofluid in the presence of magnetic field using Lattice Boltzmann Method. Sheikholeslami and Ganji [23] discussed ferrohydrodynamic and magnetohydrodynamic effects on ferrofluid flow and convective heat transfer. Sheikholeslami and Abelman [24] used two-phase simulation of nanofluid flow and heat transfer in an annulus in the presence of an axial magnetic field. Sheikholeslami [25] studied effect of uniform suction on nanofluid flow and heat transfer over a cylinder. Sheikholeslami et al. [26] discussed Lattice Boltzmann simulation of nanofluid heat transfer enhancement and entropy generation. Here an extension has been done in classical Jeffery-Hamel flow and a new MADM [2, 3] is used to find an analytical solution of MHD Jeffery-Hamel problem. This method provides the solution as an infinite series in which each term can be easily determined. First Wazwaz [27] proposed a reliable modified technique of ADM that accelerates the rapid convergence of the decomposition series solution. The modified decomposition needs only a slight variation from the standard decomposition method. The modified decomposition method can provide the exact solution by using only two iterations and sometimes without using the so-called Adomian polynomials, and its effectiveness is based on the assumption of the function f which can be divided into two parts and depends on the proper choice of f 1 and f 2 . The MADM provides the solution in a rapid convergent series which may lead the solution in a closed form. The advantage of this method is its capability of obtaining the solution in least number of steps as compared to Adomian Decomposition Method.
Mathematical formulation of Jeffery -Hamel flow
Consider a steady two-dimensional flow of an incompressible conductive viscous fluid between two rigid plane walls that meet at an angle 2a as shown in Fig. 1 . Here it is assumed that the velocity is purely in radial direction and merely depends on r and h. The continuity equation and Navies-Stokes equation in polar coordinates are [10] 
where B 0 be the electromagnetic induction, r is the conductivity of the fluid, uðr; hÞ is the velocity along radial direction, p is the fluid pressure, v is the coefficient of kinematic viscosity and q be the fluid density. Eq. (1) can be written of the form fðhÞ ruðr; hÞ ð 4Þ
By using the dimensionless parameters
In Eqs. (2) and (3) and ellimation of p, it obtains a third order ordinary differential equation for the normalized function profile EðgÞ as follows:
with suitable boundary conditions
which comes from these facts that, we have @uðr;hÞ @h ¼ 0 at centerline of the channel and uðr; hÞ ¼ 0 at the plates that make the body of the channel.
Here a is the semi-angle between the two inclined walls,
is the square of the Hartmann number. It is worth here to mention that for the case of convergent channels, U max < 0 and for divergent channels, U max > 0, beside Hartmann number and Reynolds number is always positive.
Description of the Adomian decomposition method and Modified Adomian Decomposition Method
In the early 1980s, Adomian [3] developed an approximate analytical method in order to solve nonlinear functional equations that are of the form
where L represents the linear term, RE represents the remainder or lower order terms, NE represents the nonlinear term, and g is the nonhomogeneous term. Figure 1 The geometry of the MHD Jeffery -Hamel flow.
Adomian decomposition method
Assume that the solution function EðgÞ and the nonlinear terms NE are assumed to have the following analytic expansions as follows:
where the A n 's are the Adomian polynomials that depend only on E 0 ; E 1 ; E 2 ; . . . ; E n and are given by the following formula:
Using Eq. (9), the generalized form of Eq. (8), can be written as
By using the inverse operator L À1 on both sides of Eq. (11), it yields
which yields the iterates E n ðgÞ, the sum of which converges to the solution EðgÞ if it exists.
Modified decomposition method
A reliable modification of Adomian decomposition method was developed by Abbaoui, Wazwaz [1, 27] and its effectiveness had been confirmed through many studies. To apply this modification, here it is assumed that the function E 0 ðgÞ can be divided into the sum of two parts, namely F 0 ðgÞ and F 1 ðgÞ, and it can be written as
Under this assumption, we propose a slight variation in E 0 and E 1 as compared to ADM. The variation here is that only one part F 0 ðgÞ be assigned to the zeroth component E 0 , whereas the remaining part F 1 ðgÞ is combined with the other terms E 1 to define E 1 . In view of these suggestions, it formulates the modified recursive algorithm as follows:
The choice of E 0 which contain minimal number of terms has a strong influence on facilitating the formulation of Adomian polynomials A n .
The Adomian technique is equivalent in determining the sequence S n ¼ E 1 þ E 2 þ . . . þ E n by using the iterative scheme
Associated with the functional equation
Theorem 1. Let N be an operator from a Hilbert Space H into H and let E be an exact solution of Eq. (8). P 1 i¼0 E i which is obtained by Eq. (15)
Proof. We have
. . .
for every n; m 2 N; n P m we have
which implies lim n;m!1 kS n À S m k ¼ 0, i.e., fS n g 1 n¼0 is a Cauchy sequence in a Hilbert Space H and it convergence to S for S 2 H. h Analytical
. . . ; then P 1 i¼0 E i is converges to the exact solution E.
Corollary 2. If
E i and e E i are obtained by standard and a Modified Adomian Decomposition Method, respectively, and both b i andb i are less than one, then the rate of convergence of both P 1 i¼0 E i and P 1 i¼0 e E i depends on the values of b i 's andb i 's. Now ifb i < b i for all i, then the rate of convergence of P 1 i¼0 e E i is higher than P 1 i¼0 E i .
Application of the Modified Adomian Decomposition Method to Jeffery -Hamel flow
Eq. (6) Applying inverse linear operator
On both sides of Eq. (18), with the boundary conditions at g ¼ 0, it yields
where C ¼ E 00 ð0Þ is a constant to be determined later by using the boundary condition at g ¼ 1. Following the process of MADM, the series solution of Eq. (6) can be written as
which yields the recurrence relation as follows:
E 2 ðgÞ ¼ À2aReC
where the Adomian polynomials for the nonlinear operator VðEÞ ¼ EðgÞ E 0 ðgÞ can be written as Hence, the approximate solution EðgÞ, corrected up to three terms can be written as follows:
On imposing the boundary condition, at g ¼ 1, Eq. (24) Substituting 'C' in Eq. (24), it forms
which depends on g and the accuracy of EðgÞ increases with increasing the number of solution terms g. Now by Corollary 1, since 
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Runge-Kutta Method (NM). The error has been discussed in Tables 1 and 2 .
Figs. 4 and 5 discuss the variation of E for a > 0 and a < 0 with different Ha by keeping Re ¼ 50 fixed and the obtained result has been compared with the available Numerical results which shows a good agreement between MADM and fourth order Runge-Kutta Method (NM). It appears from the graph that, the steep of the channel be divergent for a > 0 and convergent for a < 0. The velocity curves show that the rate of transport is considerably reduced with increase in Hartmann number. This clearly indicates that the transverse magnetic field opposes the transport phenomena. This is due to the fact that variation of Ha leads to the variation of the Lorentz force due to magnetic field and the Lorentz force produces more resistance to transport phenomena as discussed by Sheikholeslami et al. [12] . Figs. 6 and 7 discuss the variation of E for a > 0 and a < 0 with different Re by keeping Ha ¼ 50 fixed. The obtained result has been compared with the available Numerical results which shows a good agreement between MADM and fourth order Runge-Kutta Method (NM) and the steep of the channel be divergent for a > 0 and convergent for a < 0 with different Reynolds number Re ¼ 15; 25 and 35 where no back flow is observed but if we increase the Reynolds number with Hartmann number and then backflow starts and to eliminate this back flow a greater magnetic field be needed as discussed by Sheikholeslami et al. [12] .
Figs. 8 and 9 discuss the variation of E for a > 0 and a < 0 with different a by keeping Ha ¼ 0 and Re ¼ 50 fixed. The obtained result has been compared with the available Numerical results which shows a good agreement between MADM and fourth order Runge-Kutta Method (NM) and the steep of the channel be divergent for a > 0 and convergent for a < 0 with different a.
Results and discussion
In this study, the objective is to apply MADM to obtain an explicit analytic solution of the MHD Jeffery-Hamel problem. The magnetic field acts as a control parameter such as the flow Reynolds number and the angle of the walls in MHD JefferyHamel problems. There is an additional non-dimensional parameter that determines the solutions, namely the Hartmann number. Tables 1 and 2 is shown in Table 3 to illustrate the accuracy. The error bar shows an acceptable agreement between the results observed, which confirms the validity of the MADM. In these tables, error is introduced as follows: Error ¼ jEðgÞ MADM À EðgÞNMj.
Finally it can be concluded that 1. When a > 0 and steep of the channel is divergent, it implies as the value of Re number increases the velocity profile decreases for a ¼ 5 . 2. When a < 0 and the steep of the channel is convergent, it implies the value of velocity profile increases with Re number, for a ¼ À5 .
Conclusion
Here, in this paper magneto hydrodynamics Jeffery-Hamel flow is solved by an analytical method known as Modified Adomian Decomposition Method (MADM) and compared the obtained results with the Numerical results obtained by Runge-Kutta method of 4th order with its convergence study to show the efficiency of the method. It can be found that MADM is a powerful approach for solving this problem, and also it is observed that there is a good agreement between the present and Numerical result. Hence it can be concluded that increasing Reynolds number with greater angles needs high Hartmann number for reduction in back flow. 
